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Sensitivities and Linear Stability Analysis
Around a Double-Zero Eigenvalue
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A general, multiparameter system admitting a double-zero eigenvalue at a critical equilibrium point is consid-
ered. A sensitivity analysis of the critical eigenvalues is performed to explore the neighborhood of the critical point
in the parameter space. Because the coalescence of the eigenvalues implies that the Jacobian matrix is defective
(or nilpotent), well-suited techniques of perturbation analysis must be employed to evaluate the eigenvalues and
the eigenvector sensitivities. Different asymptotic methods are used, based on perturbations both of the eigenvalue
problem and the characteristic equation. The analysis reveals the existence of a generic (nonsingular) case and of
a nongeneric (singular) case. However, even in the generic case, a codimension-1 subspace exists in the parameter
space on which a singularity occurs. By the use of the relevant asymptotic expansions, linear stability diagrams
are built up, and different bifurcation mechanisms (divergence-Hopf, double divergence, double divergence-Hopf,
degenerate Hopf) are highlighted. The problem of finding a unique expression uniformly valid in the whole space is
then addressed. It is found that a second-degree algebraic equation governs the behavior of the critical eigenvalues.
It also permits clarification of the geometrical meaning of the unfolding parameters, which has been discussed in
literature for the Takens-Bogdanova bifurcation. Finally, a mechanical system loaded by nonconservative forces

and exhibiting a double-zero bifurcation is studied as an example.

Nomenclature

= system Jacobian matrix where x is equal to 0

o =system Jacobian matrix where x is equal to 0 and 6
isequalto 0

= bifurcation locus for 7,

= critical locus of double zero eigenvalues

= divergence boundary

= vector field

= Hopf boundary

= kth invariantof A

= number of system parameters

= nilpotent system locus

= dimension of A

= singular codimension-1 subspace and first-order
divergence boundary

= matrix of right eigenvectorsu

= proper right eigenvectors of A, (k is greater than 2)

= proper right eigenvector of A, associated with 4 equal to 0

= generalized right eigenvectorof A, associated with 4
equalto 0

= matrix of left eigenvectorsy

= proper left eigenvectorsof A, (k is greater than 2)

= generalized left eigenvector of A associated with A
equalto 0

= proper left eigenvector of Ay associated with 4 equal to 0

=right eigenvector of A

= vector of the state variables

= perturbation parameter

= eigenvalue of A

= control parameter vector, {a, S, ...}
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I. Introduction

ENSITIVITY analysis plays an importantrole in structuralme-
chanics. It permits description of the behavior of a system in
which several parametersare varied arounda given set of values with
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a modest computational effort. Therefore, it is very useful in struc-
tural modification! and system identification analysis > Many of the
numerous studies on this subject have been devoted to the occur-
rence of multiple eigenvaluesin conservativesystems.’>”> However,
little attention has been paid to multiple eigenvalues in nonconser-
vative systems, in which the system matrix becomes defective (or
nilpotent), requiring the use of special techniques®-’

Sensitivity analysisis also important to study bifurcationand sta-
bility in nonconservative systems. In linear problems, it makes it
possible to explore the neighborhoodof the critical manifold in the
parameter space and to build up the linear stability diagram. In non-
linear analysis, it allows evaluationof the unfolding parameters that
appear in the bifurcation equations, which are just proportional to
the eigenvalue sensitivities, that is, to the derivatives of the eigen-
values with respect to the parameters.®

Among codimension-2 bifurcations, the double-zero bifurcation
is of particular interest. It calls for the analysis of a multiple
eigenvalue for which the system matrix is defective. However, al-
though this bifurcation, known as the Takens-Bogdanova bifurca-
tion, has been widely discussed in the literature (for example, see
Refs. 9 and 10) attention has been focused mainly on nonlinear be-
havior, and sensitivities of the critical eigenvalues have not been
studied in depth. For example, it is stated in Refs. 11 and 12 that the
mathematical unfolding parameters are quasi parallel to the tangent
at the criticalboundaries(in contrastto other types of bifurcationsin
which they are exactly parallel), but this surprising result is neither
elaborated nor justified.

A secondquestionrelated to the double-zerobifurcationis the fol-
lowing. A codimension-2bifurcationoccurs in the parameter space
at the intersection of two codimension- 1 critical manifolds on each
of which one eigenvalue has a zero real part. Thus, for example, a
double Hopf bifurcationoccurs at the intersection of two manifolds
on which a simple Hopf bifurcation manifestsitself. In contrast, it is
known that the Takens-Bogdanova bifurcation occurs at the inter-
sectionof adivergencemanifoldand a single Hopf manifold. As are-
sult of the interaction, the two Hopf imaginary eigenvaluescollapse
in the origin of the complex plane. However, it has not yet been clari-
fied whetherthe divergence Hopf occurrenceis exhaustiveor if other
mechanisms leading to the double-zero bifurcation exist under par-
ticular conditions. In principle a double divergence or a degenerate
simple Hopf bifurcationshould also cause a double-zeroeigenvalue.

The aims of this paper are 1) to determine the conditions under
which the Takens-Bogdanovabifurcation occurs and to investigate
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alternative bifurcation mechanisms, 2) to explore the neighborhood
of the double-zeroeigenvalueto obtain analytical approximationsof
both eigenvalues and eigenvectors,and 3) to clarify the question of
the parallelismto the criticalboundariesof the unfoldingparameters.

To reach these goals the following methodologyis adopted: First,
it is assumed that a critical point is known at which the system pos-
sesses a double-zero eigenvalue; second, its neighborhood is ana-
lyzedto determinethe type of criticalboundariespassing throughthe
point. Therefore, the procedure usually followed in the applications,
which consists of evaluating the critical point at the intersection of
known critical boundaries, is upward.

In Sec. II, the eigenvalue sensitivity analysis is carried out on
the characteristic equation of the eigenvalue problem. In Sec. III,
a different type of analysis is presented, based on a perturbation
of both eigenvalues and eigenvectors. In Sec. IV, use is made of
the preceding asymptotic expansions to build up the linear stabil-
ity diagram. The analysis reveals the existence of a singularity that
makes it impossible to use a unique expansion in the whole param-
eter space. The problemis overcomein Sec. V, where an equivalent
second-degreecharacteristicequationis obtained thatis able to cap-
ture all of the aspects of the problem. In Sec. VI, a sample problem
is illustrated.

II. Eigenvalue Sensitivity Analysis

Let us consider a dynamic system x =F(x; €), x € R", depend-
ing on the parameter vector 8 ={a, 8, ...} € R". Let x =0 be an
equilibrium point for any value of 0, that is, F(0, 8) =0 V8. The
stability of the trivial equilibrium position is governed by the linear
eigenvalue problem

Aw — w =0 (1)

where A =A(0) := F,(0, 0) is the Jacobian matrix at x =0, de-
pending on 6. The characteristic polynomial of A reads

MA LAVt e+ I B3+, 22+, A+ 1, =0 (2)

where I, =1,(0) (k =1, 2, ..., n) are the invariants of A, also de-
pending on €. For Eq. (2) to admit the double root A =0, then
I, =0 and I, _; =0 must hold simultaneously for the same values
of 8. The two equations describe two codimension-1 manifolds,
whose intersection is a codimension-2 critical locus C of double-
zero eigenvalues. However, whereas I, =0 is a simple divergence
boundary, no eigenvalue properties are associated with 1, - =0.
Therefore, only one divergence boundary crosses the critical mani-
fold C.

An exception occurs when C contains a bifurcation locus B for
I, at which multiple divergence manifests itself. This special case
requires that all of the derivatives 1, ¢ vanish at B and, therefore,
represents a higher codimension bifurcation. However, it should be
stressed that, to have a multiple divergence, it is not sufficient that
I, bifurcate; in factif 7, _, £~ 0 at B, Eq. (2) admits only one zero
eigenvalue. This circumstance occurs, for example, in mechanical
systems having a stiffness matrix depending on two load parame-
ters, at least one of which is of follower type. For a suitable choice
of parameters, the stiffness matrix possesses two zero eigenvalues;
however, the damping destroys this coalescence and the system ad-
mits only one zero root. On the other hand, if the damping is small,
itis expectedthat a secondroot is close to zero, so that the system is
nearly defective. To study sensitivitiesof a nearly defective system,
the techniqueillustratedin Ref. 13 should be used, which is based on
the assumption of the system as a perturbationof an ideal defective
system; therefore, a double-zero eigenvalue must again be studied.
Such an analysis, however, will be not developed in this paper.

A perturbativeanalysis of the characteristicequation (2) furnishes
insight into the behavior of the critical eigenvalues. Let us assume
that,at @ =0, I?: =1, (0) =0(k =n — 1, n). When 0 is small, for
example, 0 :=¢60 with e <1 and 8 =O(1), itis I, _, =gf,?_1 +
O(&?)and I, =el"+O(&?), with [? =1040 (k =n—1,n),provided
atleastone parameterderivativeis differentfrom zero (generic case,
in which the invariants do not bifurcate at @ =0). By substituting
I, and I, _, in Eq. (2), we have, by inspection, that A =O(g"?);

therefore, by expanding A as A =&'/21,;, + €A, + O(&%?), we have
the following perturbation equations that are drawn from Eq. (2):

el 2 +1°=0 (32)
5
o (10323 +210_y0 + 10, )34 =0 (3b)
By solving Egs. (3), we have

fo
l% =+ |- I()n (4a)

n—=2

1. °
A o=- (13_ B p—" (4b)
2\ T

from which an asymptotic expression for 4, corrected up to the &
order, is obtained. However, it must be observed that this asymp-
totic solutionholds only if 4/, £0, thatis, if f” £~ 0 [see Eq. (3b)].
Indeed, although the derivatives I° ¢ are not all zero by hypothesis,
a singular case occurs if the perturbatlon is tangent to the mani-
fold 1, =0 because I) ;6 =0. Therefore, the analysis also reveals
a singularity in the generic case.

On the other hand, if I, = 0, that is, if 0 =0 is a bifurcation
pointfor I, then I, —82f2 w1th1°0 1 21100 0’ .By Eq. (2)itfollows
that A =O(¢). By letting A =&l + 0(82) we have the lower-order
perturbation equation

10 2+ 10 2, +1° =0 5)

from which two values of A; are drawn.

Equation (5) also makes it possible to analyze the singular pertur-
bationin the genericcase. By assummg I,? ¢ 0 is small of order & and
redefining 10 asf9 =1°,0 + 4 110 66, we have Eq. (5) describing
the behav10r of the cr1tlcal elgenvalues around the singularity.

Although the preceding analysis reveals the essential aspects of
the problem, it is not completely satisfactory. In fact, it requires
knowledge of the four invariants of highest order of the matrix A,
whose evaluationis not easy for large matrices. On the other hand, it
would be convenientto obtain the expressionsof the sensitivitiesdi-
rectlyinvolvingthe coefficients of the matrix A and its perturbations.
To this end, the analysis described in Ref. 6, which is developed on
the eigenvalue problem (1) rather than on its characteristic equa-
tion (2), seems to be more suitable. Moreover, this technique allows
determination of sensitivities of both eigenvalues and eigenvectors,
the latter also being of interest. The relevant analysis is developed
in the next section.

ITII. Eigenpair Sensitivity Analysis

Eigenvalue problem (1) is considered again. It is assumed that,
when 0 =0, the matrix A, : =A(0) admits a double A =0 (critical)
eigenvalue, while the remaining (passive) eigenvalues are distinct,
of order O(1), and have negative real parts. Let u; be the unique
eigenvector of A, associated with 4 =0; A is, therefore, defective
(ornilpotent). To analyzethe dependenceof bothcriticaleigenvalues
and eigenvectors on the parameters, a sensitivity analysis of the
eigenpairs of A, around & =0 must be performed.

Some of the algebraic properties of A, are the following. Be-
cause A is defective, its eigenvectorsdo not span the whole space.
To complete the base, generalized eigenvectors must be used. Two
generalized right eigenvectors {u, u,} associated with the double
A =0 eigenvalueexist, the proper eigenvector #; and the order-two
eigenvector u,, that satisfy Aou; =0 and Aogu, =u,, respectively.
Similarly, two generalizedleft eigenvectors {v,, v, } associated with
the double 4 =0 exist, the proper eigenvector v, and the order-one
eigenvector vy, that satisfy Agvz =0 and Agvl =v,, respectively
The two sets of eigenvectors are biorthogonal, that is, v u; —5”,
if suitable normalizations are introduced. Because vl u, #0 eigen-
vector u, does not belong to the range of A.

To analyzethe dependenceon @ of the critical eigenvaluesaround
6 =0, curves passing through the origin of the parameter space
are considered, with parametric equations & =80 (¢g), where € is a
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parameter; along these curves A =A [0 (¢)]. By expanding in series
the parametric equations as

0 =50, +°0,+ - (6)
we have the Jacobian matrix along the curves
A =Ay+eA +E A, + - 7N
where
A, =A%0,, A, =A%0, + %Aggﬂf (8)

are the first- and second-order perturbation matrices, respectively.
By following Ref. 6 and accordingto Sec. II, we have the eigenpairs
(4, w) that are expanded in series of fractional powers of &:

1 3
A=gIAy +ed 6Tl + &0 + +- (9a)
1 3
w=wo+eIwi +ew +&Twy +&wy + - (9b)

By substituting them in Eq. (1), and using Eq. (7), we obtain the
following perturbation equations:

% Agwy =0 (10a)

8%:A0w% =2y (10b)

g Agw, =/l%w% + 4wy —Awg (10¢)

P Agwy =Aywy + Awy + Aywg —Aw, (10d)

¥ Agw, =/l%w% + 4w, +/l%w% + Lwyg — A w; — Aywy

(10e)

To avoid indeterminate quantities, Eqs. (10) must be equipped
with suitable normalization conditions. By requiring viw =1, we
have the conditions v'w, =1 and v]w; =0(j =%, 1,...) follow
from Eq. (9b).

By solving the £°- and &'/2-order perturbation equations, we ob-
tainw, =u, andw,;, =A,,,U,, with 4,,, stillundetermined.To solve
the g-order equation, the component of the known term external to
the range of the singularoperatorA, must be removed. By enforcing
orthogonality to v,, we find A/,:

1/2

1

A =i(v2TA1ul)T (1D

1
2z

Equation (10c) can then be solved to furnish w, =W, + Au,,
where W, is the (unique) solution to the problem

AgWw, =/Iiu2 —Au, (12a)

v =0 (12b)

From Eqs. (11)and (12) it follows that#, is a linearhomogeneous
functionof @,. Accountingfor earlierresults, we have the solvability
condition of the £¥2-order perturbation equation

/l%(le —v2TA1u2+v2Tw1) =0 (13)

from which 4, is determined, provided 4,,, ~0. By expressing w,

in the base of the right eigenvectors, we find that vawl =— vlTAlul
(see the Appendix), so that

A =%(V2TA1"2+V1TA1"1) (14)

The procedure would possibly be continued at higher orders, al-
though the two-term expansions

1
A= ig%(vaAlul)T + (8/2)(v2TA1u2 + vlTAlul) + 0(8%) (15)
for the eigenvaluesand the three-term expansions
w=u, +8%/l;u2+8(/11u2+w1)+0(8%) (16)

for the eigenvectorsare usually accurate S However, as observedin
Sec. II, this asymptotic solution holds only if A,/, 0, that is, only
if the m X1 matrix

L:=vjAou; =[vyA.u,,v,Apuy, ... ] (17)

has maximum rank, that is, if at least one coefficient of L is different
from zero; otherwisea nongenericcase occurs. Moreover,evenin the
generic case, a singular codimension-1 subspace S of the parameter
space exists, on which A,,, =L, =0.

To analyze sensitivitiesof the critical eigenvalues 1) in the whole
space in the nongeneric case and 2) in the subspace S in the generic
case, the eigenpairs (A, w) should be expanded in series of inte-
ger powers of ¢ (see Ref. 6). The same results are achieved here by
using the perturbationscheme of Eqs. (10) and going up to the & or-
der, although this procedureis less straightforward. When 4,,, =0,
Eq. (13) identically vanishes, so that 4, is still undetermined at 32
order. By solving Egs. (10,), we find w3/, =0, and the solvability
conditions of the &>-order perturbation equation are

B +EL+K =0 (18)

where
5;:—(v2TA1u2+v1TA1u1) (193)
K* = —(v2TA2u1 + vaAlﬁ«'l) (19b)

and W, satisfies Eqs. (12) with 1;,, =0. Therefore, L =&, +O(g?),
with A; given by Eq. (18). Note from Eq. (19) that, differently from
the nonsingular expansion Eq. (15), the critical eigenvalues now
depend on the passive eigenvalues through w, (see the Appendix),
although the two solutions are both corrected up to the € order.

Equations(13), (14), and (18) have the same structureas Eqs. (4a),
(4b), and (5) obtained by the earlier analysis. However, their coef-
ficients can be more easily evaluated and reveal properties that are
hidden in the analysis of Sec. II. One of these has been observed;
a second one is that the coefficient & in Eqs. (19) is proportional to
A1 in Egs. (14). This circumstance does not appear in Egs. (4b) and
(5) because f2 _, has different expressions in the generic and the
nongeneric cases.

IV. Stability Diagram

The stability diagram can be built from the sensitivities of the
critical eigenvalues. The generic case in which L has maximum
rank is considered first.

Equation (15) is used to describe the eigenvalues in the whole
space by ignoring the existence of a singularity (rough analysis). By
therequirementthat,,, =0, the codimension-1(singular) subspace
S is found, which divides the space into two half-spaces (see Fig. 1,
where a bidimensional case is represented). At the leading order,
the eigenvaluesare real and oppositein one half-space and complex
conjugate in the other half-space. By the requirement that A; =0,
because 4, is linear and homogeneousin 6 |, a new codimension- 1
half-subspace H is found that divides the subspace of the complex
eigenvalues into a stable and an unstable domain. The subspace
S is a first-order divergence boundary and the half-subspace H a
first-order Hopf boundary.

From Fig. 1, no regions exist in which the two eigenvalues are
real and positive, in spite of the occurrenceof a double divergenceat
6 =0. This resultis incorrect,due to the presence of a singularityon
S. To understand better the mechanism causing the drawback, note

B

Fig.1 Stability diagram in the generic case: rough analysis.
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that only the first-order part @ , of the parameters @ appears at the &
order of the A expansion. Therefore, the parameter space is spanned
by straightlines originating from & =0. When these lines are close
to S, A/, is different from zero (generic case) but it is small, so that
an ordering violation occurs. To remove the singularity and explore
the neighborhoodof S, it is convenientto use curve lines tangent to
S for which A,,, =0 exactly occurs (refined analysis). In this way
A =¢&A; holds, with A; given by Eq. (18). Because 6, has already
been determined, the coefficient & in Eq. (18) is also known (and
is assumed to be different from zero), whereas x* is a nonhomoge-
neous linear functionof the curvature @ ,, of the type * =« + L@ ,,
with the coefficients of L notall zero by hypothesis. Therefore, close
to S, eigenvalue 2 =g, + O(&?) with A, =1,(0,).

To discuss Eq. (18), it is convenient to determine first two
codimension-1manifolds, both tangentto S at & =0, on which one
critical eigenvalue is zero, for example, D (divergence boundary),
or the two critical eigenvalues coincide, for example, A (nilpotent
system family). To evaluate D and N, coefficients * =0 and &2/4,
respectively,are required, from which linear equationsin the 8 , un-
known are obtained. The two manifolds divide the space into three
partsin which the eigenvaluesare 1) real and oppositein sign, 2) real
with the same sign, or 3) complex conjugate. The scenario of Fig. 1
consequentlyalters, as shown in Fig. 2, according to the value of xj.

The analysis of the neighborhoodof S, therefore, permits a more
accurate description of the divergence boundary and, most impor-
tant, the discovery of the existence of a region of the parameter space
in which double divergence occurs. Because this region is bounded
by two tangent manifolds, it cannot be identified by a first-order
perturbation analysis, in which the parameters are varied propor-
tionally. Moreover, the analysis highlights the existence of a family
N of defectivesystems, to which the double-zeroeigenvaluesystem
Ay belongs.

Previous results have shown that, in the generic case, the double-
zero eigenvalue arises at the intersection of a D manifold and a H
manifold. The scenario is much more complex in the nongeneric

a) kg <0

b)0< ks <&2/4
Fig.2 Stability diagram in the generic case: refined analysis.
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case in which all the coefficients of L vanish. A brief outline of the
problem is given here (see Fig. 3, where a bidimensional case is
represented).

In the nongeneric case, Eqs. (18) and (19) hold in whole space.
Therefore, A =g, + O(g?), with A, still given by Eq. (18). How-
ever, coefficients & and x* are now homogeneous functions of the
6 | unknown, linear and quadratic, respectively;on the contrary, 8 ,
does not appear at this order because L6 , =0 by hypothesis. By re-
quiring £ =0, we have one value of @ | drawn; if * correspondingly
assumes positive values, an H manifold is found (cases shown in
Figs. 3a, 3b, and 3e), but if x* is negative, no Hopf boundary exists
(Figs. 3c and 3d). Note that in the nongeneric case H is a subspace,
different from the generic case in which it is a half-subspace.Then,
by requesting * =0, we obtain zero or two real values of 8 |, from
which zero or two D manifolds are found (Figs. 3a and 3b or 3¢-3e,
respectively). Similarly, if x* =&2/4, is requested, zero or two real
N manifolds exist (Figs. 3a and 3c or 3b, 3d, and 3e, respectively).
Therefore, by the exclusion of the case k* < 0 V0 for which 8 =0
is always unstable, the double-zero eigenvalue either occurs at the
intersection of two divergenceboundaries (as predictedin Sec. Il in
the singular case 1, ¢ =0, Figs. 3c and 3d) or simply lies on a Hopf
boundary (Figs. 3a and 3b), as well as at the intersectionof the three
manifolds (Fig. 3e). Figure 3 is exhaustive of all possible cases, if
coalescence among the manifolds is excluded.

V. Equivalent Single-Degree-of-Freedom System

The preceding analysis has shown that a complete description of
the character of the critical eigenvalues around the origin of the pa-
rameter space requires using two different asymptotic expansions,
each valid only for nonsingularor singular perturbations. However,
the two expansionsdo not permit analysis of nearly singular pertur-
bations that occur when A/, ==(vI A u,)"? is not exactly zero but
is small of order . From a geometrical point of view this case occurs
when points of the parameter space close to the singular subspace
S are considered. If these points are reached from the origin by fol-
lowing straight paths, the nonsingular solution furnishes incorrect
results because A/, is small along them. Therefore, the neighbor-
hood of S must be spanned by parabolas tangent to S itself, and the
singular solution used.

Because of these drawbacks, it would be desiderable to obtain a
unique expression A =A(0) for the critical eigenvalues, uniformly
valid in the whole space; moreover, it would be convenientto span
the space through straight lines instead of curves. To this end, note
that the stability diagrams of Fig. 2 are topologically equivalent
to the stability diagram of the equilibrium position of a damped
single-degree-of-frealom (DOF) elastic system. Its eigenvalues are

R I N
£>0 B 7’ £>0 o\ 18 &7
SR ~ AT +
»/_/ al i OF , o
TF e —’T C D
7 7 &
_/'o;\ ‘JF /’/ \e} ™
s £<0 ) o=t £<0
’ _E s +‘ \ }..
a)k*>0,A <0 O)r*=20,A >0

Ty .
-+ S I E RN Sl U S
>0 :8 II% ‘/-’(\x ] \\\gi>0({7}\ E ﬁ /.é\} 1‘7. K =0 DS +—4+— DU —4—
"}—’ II // /,”/— + I~ - \\ ‘/’/
Lé/z - \DS \5: 7 NIy I §:0 H — SU +——e
~=/1 N |
SS,/” i + 7 N~ |
NS A NPy N=0 | S s | VU
& N £<0 o+ A < \?O§<O ™
- e e e . : > '
Ll ! ! L+ 152 A2
b) k*>0,A =0 dKx*=20,A 20

Fig.3 Stability diagram in the nongeneric case: ——, divergence boundaries; - - -, nilpotent families (A =0); and - --, Hopf boundaries.
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governed by the characteristic equation
P +EL+Kk=0 (20)

with £ the damping and x the stiffness coefficient. For the single-
DOF system, k =0 is the divergence boundary D, & =0 the Hopf
boundaryH,and k =&?/4 the family of defectivesystems. . There-
fore, itis to be expectedthata suitable definition of the coefficients &
and k exists in terms of the original parameters €, such that Eq. (20)
describesthe behaviorof the n-dimensionalsystemA (6 ) around the
double-zeroeigenvalue.In other words, the task is to find an equiv-
alent small-dimensional system, able to capture the qualitative be-
havior of the larger dimensional system, similar to that pursued by
means of the center manifold procedure in the nonlinear stability
analysis.

Straight lines through the origin of the parameter space are con-
sidered, with equations @ =&6. Correspondingly,the Jacobianma-
trix along them reads A =A; + €A, + £?A, + ---, withA| =A% 0
and A, =AY,0 */2. Then, let us assume the whole spectrum of

the defective matrix A, is known. Let {Ag, A5 A3, ..., A&, ...,
A,} where Ay =0 are the eigenvalues of Ay and U ={uy, u,;
us, ... U, ... u,}andV=U""={v,vy;vs,...,v,...,v,}and

the matrices of the right and left eigenvectors, respectively, and u,
and v, are generalized eigenvectors. In the base of the eigenvectors,
the eigenvalue problem (1) reads

Jo+eli + &) -z =0 2D

where J, =VA#A,U is the Jordan form of Ay, J, =VHA,U
(i =1, 2) are the first- and second-orderperturbationmatrices in the
new base,andz =Vw. The characteristicequation of the eigenvalue
problem (21) is

€ — A 1+é€, €13 €14 e €1n
€21 € — A €3 €4 e €2
€ € ML—Até6s €34 e €3
€41 €p €43 Ay — A+ €y €4
€11 €12 €3 (S ° ln - A+ €
=0 22)
where
T 2.7
Eij —SVl.Alllj + ¢ Vl.Azllj (23)
are quantities of order &, accounting for perturbations. To study
Eq. (22), the dominant minors A, of order k =2, 3, ..., n are suc-

cessively evaluated asymptotically. The order-two minor is
Ay =22 — M€ + €n) + €16 — €1(1 + €7) (24)

If we let A, =0, the lower-order approximationto A is found, in
which the contribution of the passive eigenvalues is ignored. If the
key term €,; =O(e) (nonsingularcase), then 2 =O(&'"/?), whereas
if €; =O(&?) (singularcase), then A =O(¢). If we considerhigher-
order minors, it is found that

Ay =(A — A+ €3)A; + 6,63 + O3, €2 0)

Ay =g — A+ €A + (I3 — L+ €3)€ 64 + O, £°1)

As =(As = A+ €5)A4 + (A3 — A+ 63)(Ay — A + €44)€51 65
+ O, &2 0)

n—1

Ay =(Ay — A+ €A, + 1_[(11( — A+ €€ €x

k=3
+ O, &2 0) (25)

where terms of order higher than £2 have been neglected. By the use
of Egs. (25) in sequence, Egs. (22) finally reads

2
AT —MEn + €p) + €16 — €1(1 + €)

"1
+ Z TkEkIEZk + 0, 1) =0 (26)

k=3

The former is the single-DOF equation (20) sought, from which
the equivalentdamping and stiffness coefficients are

&= —(ngluz +viAu) (27a)
K= —vaAlul(l + vlTAluz) —viAu, —vIA W, (27b)

In Egs. (27) terms up to g2 order have been retained, consis-
tent with the error contained in Eq. (26); moreover, use has been
made of Eqs. (A4b) in the Appendix and the parameter € has been
reabsorbed, that is, A| =A% 6 and A, =A%,62/2 should be read.
Note that Eq. (26) differs from Eq. (24) in the presence of some
extra terms accounting for the influence of the passive eigenvalues.
Moreover, Eq. (27a) coincides with Eq. (19a), whereas Eq. (27b)
contains more terms than Eq. (19b).

By solving the second-degree equation, we have

A2=—E2%VE4 -« (28)

To discuss the solution, the nonsingular and singular case are con-
sidered, and the relevant asymptotic solutions obtained earlier are
compared with Eq. (28).

1) If vIA u; A0 (and it is of order-1, generic case), then x =
—v2TA1u1 . Because k and & are of the same order, the square root in
Eq. (28) can be expanded around & =0, so that

=+ - &2 (29)

Equation (29) coincides with Eq. (15), so that Eq. (28) furnishes
asymptotically the nonsingular solution. [However, Eq. (28) con-
tains terms of higher order with respect to Eq. (29) that are not
consistent with the order of Eq. (26); these terms may or may not
improve the accuracy of solution (29). A discussion on a similar
problem can be found in Ref. 14.] Note that, in the nonsingular
case, the passive eigenvalues do not affect the two-term expansion
of A that could, therefore, be obtained by restricting the analysis to
the perturbations of the Jordan block, that is, from Eq. (24). How-
ever, the passive eigenvaluesappear at the &2 order in Eq. (26) and,
therefore, enter in the solution at the £3/2 order, in accordance with
the perturbation scheme of Eq. (10).

2) vazTA u; =0 (singularcase), then k = k™ as givenin Eq. (19b);
moreover, k =O(&?) so that the square root in Eq. (28) cannot
be expanded any more. Therefore, the lower approximation to A
is given by Eq. (28) itself, which coincides with the solution to
Eq. (18) obtained earlier. Consequently, even at the lower-order
approximation, the critical eigenvalues are affected by the passive
eigenvalues.

To sum up, the equivalentsingle-DOF system equation gives the
same asymptotic results as the method in Sec. III. In principle, it
requires the computationof the whole spectrumA,, whereas the for-
mer calls only for the solution of linear algebraic equations. How-
ever, the use of Eq. (A4b) renders knowledge of the spectrum of A,
unnecessary, so that the two procedures require the same compu-
tational effort. Moreover, the present method makes it possible to
analyze the nearly singular case v} A u, = 0 that cannot be studied
by the former by using straight paths. In fact, this term should be
shifted at a higher order in the perturbation procedure; however, the
operationcannot be performed using the method of Sec. III because
the term does not appear explicitly in the perturbation equations.
In contrast, in the present method, Eq. (28) also holds in the nearly
singular case, in analogy with Eq. (5); in this case the stiffness co-
efficient is given by the sum of two terms of the same order of
magnitude, x =v] A u; + *.

In conclusion, Eq. (28) furnishes asymptotic solutions valid in all
singular, nonsingular, and nearly singular cases; therefore, it allows
the description of the transition across the singularity. Moreover, it
holds even in the case in which all of the coefficients of matrix L
vanish, for which k¥ =«™ in the whole space.

Equation (28) also allows discussion of the geometrical mean-
ing of the unfolding parameters of the Takens-Bogdanova bifurca-
tion. The relevantbifurcation equation, in Bogdanova-Arnold form
(see Refs. 9 and 10) reads as the equation of motion of a nonlinear
single-DOF system, in which the unfolding parameters are just the
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Fig.4 Double pendulum system.

linear damping and stiffness coefficients. Therefore, Egs. (27) sup-
ply explicit expressions for the unfolding parameters that were not
available in the literature for general systems. For a two-parameter
system 6 ={a, B}, varying & and x, Eq. (27a) defines, on the (a, )
plane, a family of straightlines parallel to the Hopf boundary & =0.
Similarly, Eq. (27b) defines a family of parabolas obtained by trans-
lating the divergence boundary k =0. If the quadratic terms in the
parameters are neglected in Eq. (27b), the curves become straight
lines parallel to the tangent at the divergence boundary at the criti-
cal point. It is concluded that the unfolding parameters & and « are
obliquecoordinatesin the (o, ) plane, parallelto the critical bound-
aries at the criticality. The surprising finding in Refs. 11 and 12 is,
therefore, not confirmed here.

VI. Illustrative Example

The spectral properties of the structure shown in Fig. 4a are stud-
ied as an example. The structureconsists of a double pendulum with
lumped masses m; (i =1, 2) and viscoelastichinges of constants ¢;
and k;, elastically supported by a spring of constant k3, subjected
to a follower force F' and a dead load P. The external damping is
assumed proportional to the speed of the masses through the coef-
ficient c3. Furthermore, k, =k, ¢, =c;, m; =2m, and m, =m are
taken, and the following dimensionless quantities are introduced:

a =ky/ mo?, b = F/mla?, c =c/mlo

d =%/ ¢y, k =k /ml*o?, T =ot

(30)

p =P/mle?,

where o is a scaling factor with the dimensions of a frequency. By
choosing the rotations in Fig. 4b as the Lagrangian coordinates,
the dimensionless state vector x € R* is x” =(x, x,, x3, x4) =
(91, 41, g2, 42), where the dot denotes differentiation with respect
to the time 7. The linearized equations of motion around the trivial
equilibrium position x =0 are found to be

X1J IV 0 1
X, (b—=3k—p)/2 —c(3+d)/2

% 0 0
lx4 (Sk—=b+ p—2a)/2

0.04 .

0.02 4

0.00

-0.02 —

-0.04 —

I I I
-0.02 0.01 0.00 0.01 002

Fig.5 Stability boundariesin the (o, 3) parameter plane: ——, exact
solution; - --, nonsingular expansion [Eq. (15)]; and ——, uniformly
valid solution [Eq. (20)].

which defines the Jacobian matrix A. The parameters c, d, k, and
p are taken as auxiliary parameters, and their values are fixed at
c=1.5,d =05, k=1, and p =0, so that the system coincides
with that analyzed in Ref. 12. By the variation of the control pa-
rameters a and b and the numerical solution of the eigenvalue
problem associated with Eq. (31), a critical point C of coordinates
(ac, b.) =(0.150, 5.827) is found on the (a, b) plane at the intersec-
tion of a Hopf and a divergence variety. The exact stability bound-
aries around C are shown as heavy lines in Fig. 5, where the incre-
mental parameters o: =a — a. and f : =b — b, have been used. The
perturbationanalysis shown earlier was then applied. First, the right
and lefteigenvectorsu,, u,, v, and v, were computedat oo =f =0;
second, the perturbation matrices A; and A, and the solution W,
to Eqgs. (12) were evaluated as functions of the control parameters
6 ={a, B}; third, the coefficients &, k, and * in Egs. (19) and (27)
were determined. If the nonsingular expansion Eq. (15) is applied,
the tangents S and H to the exact boundaries are found (see Fig. 5);
if Eq. (18) (valid only near S) or Eq. (20) (valid in the whole plane)
are applied instead, practically indistinguishable curves D and N
are obtained. Thus, a slightly more accurate description of the diver-
gence boundary is drawn, and a narrow region of real eigenvalues
with the same sign, like that in Fig. 2b, is found.

To describe the behavior of the critical eigenvalues in the neigh-
borhoodofthe origin of the (e, B) plane,itis convenientto introduce
polarcoordinates(p, 6). By fixing p =0.025 and varying O between
0 and 27, the real and imaginary parts of the eigenvalues vary as
shown in Figs. 6a and 6b by heavy lines; Figs. 6¢ and 6d are close-
ups of Fig. 6a. Points Ny, N,, B, and B, are bifurcation points for
the eigenvalue locus at which the system becomes defective. How-
ever, whereas N, and N, arise from the interaction between the two
critical eigenvalues, B; and B, involve the passive eigenvalues. At
points D, and D,, divergence takes place. Within N points and D
points, two real eigenvalueshaving the same sign exist, accordingto
the stability diagram in Figs. 5 and 2b. When a sensitivity analysis
is performed, the approximate loci in Fig. 6 are obtained. It is seen
that perturbation analysis does not describe the bifurcations B, and
B, because no interactions among active and passive eigenvalues
were taken into account. Except for these points, the approximation
of the nonsingular solution is quite good. However, the closeups
in Figs. 6¢c and 6d reveal the existence of a local error around the
N points, which is due to the occurrence of a singularity on the S
variety, also indicated in the Figs. 6. In these zones, use should be
made of Eq. (18) that, however, requires the expression of « and 8

c(5-=d)/2

0 0 —l x ]
2k —=b)/2 c X,

0 1 X3 @D
(b—4k —2a)/2 —c(2+d) lx4 ]
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Fig.6 Eigenvalues vs angle & when p =0.025; lines as in Fig. 5.
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Fig.7 Critical eigenvalues vs radius p along the lines; lines as in Fig. 5.

(and consequently p and 60) in parametric form to describe parabolas
tangent to S. Therefore, it is much more convenientto use the uni-
formly valid Eq. (20) thatappearsto describe the eigenvaluesaround
the singularity better than the nonsingular expansion; moreover, its
approximationis satisfactory in the whole range of 6.

The degree of accuracy of the approximation emerges more
clearly from Figs. 7a and 7b, where the critical eigenvalues have
been plotted as functions of p for selected values of 6. In Fig. 7a
a generic value 6 =n/4 rad is considered, whereas in Fig. 7b the
special value 8 =1.995 rad corresponding to the singular variety
S is taken into account. The result is that, far from S [where the
eigenvaluesapproximately vary with p!/? (Fig. 7a)], the nonsingular
and uniformly valid solutions both furnish a good approximationof
the exact eigenvalues.In contrast,on S [where the eigenvaluesvary
almost proportionally to p (Fig. 7b)], only the latter solution gives
good results whereas the former solution is wrong.

The perturbation analysis developed also makes it possible to
investigate the sensitivities of the critical point and of the stability
boundaries, that is, the sensitivity of the whole stability diagram,
to changes in the auxiliary parameters. Here the influence of the
conservative load parameter p is analyzed, while parameters c, d,

0.10
Rel
0.05 gt
0.00 e
0.05- -
20,101
o
| JmA
0.10- e
0.05-]
0.00 ]
-0.05—
010
p
I |
0.04 -0.02 0.00 0.02 0.04
b) 0 =1.995 rad
0.81 a, /10
0.6 B.
0.4 o,
0.2-]
P
0.0

. T T T T
0.0 0.1 0.2 0.3 0.4 0.5

Fig.8 Critical point coordinates o, and 3, vs conservative load factor
p: ——, exact solution, and , uniformly valid solution [Eq. (20)].

and k are kept fixed. The vector € is extended to include p, that
is, 8 ={a, B, p}; then the analysis is repeated to obtain the exact
eigenvalues and all of the perturbation quantities as functions of
the three parameters. The results concerning the modification of the
critical point are plotted in Fig. 8. The differencesbetween the exact
and the approximated solution obtained by means of the uniformly
valid expression become appreciable for values of p near to 0.15.
Thisis confirmed in Fig. 9 by the comparisonof the exactboundaries
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Fig.9 Stability boundaries in the (c, 3) parameter plane; lines as in Fig. 8.

of the Hopf divergenceand the approximatedcurves. When p =0.1
(Fig. 3a), the approximate solution furnishes nearly exact tangents
atthe critical point; when p =0.4 (Fig. 9b) the approximationis still
good, althoughan erroron the tangents exists due to the approximate
evaluation of the critical point.

Finally, the occurrence of the nongeneric case is studied. It is
found that, if ¢ =1.5, d =5, and p =1 are fixed and points are
considered on the plane 2a + b — 5k =1, a singular case occurs
at (a., b.) =(3,2), for which vJA,u; =0 and v;Azu; =0. In the
problem, the case shown in Fig. 3c occurs, so that there is no Hopf
bifurcation, but only a double divergence. As a particular case, the
linearboundariesof Fig. 3c are foundto coincide with the exactones.

VII. Conclusions

A sensitivity analysis of a double-zeroeigenvalue was performed
and linear stability diagrams built up for a general multiparameter
system. The following results were obtained.

1) At the critical point, due to the coalescenceof two eigenvalues,
the Jacobianmatrix is defective because only a propereigenvectoris
associated with the double eigenvalue. Therefore, sensitivity analy-
sis calls for the use of a series of fractional powers of the perturbation
parameters.’

2) In the generic case, the double-zero eigenvalue manifests
itself at the intersection of a divergence manifold and a Hopf
manifold in the parameter space; the classical Takens-Bogdanova
bifurcationconditionsare, therefore, verified. However, other bifur-
cation mechanisms exist in nongeneric cases, each leading to the
double-zero bifurcation: the double divergence, the double diver-
gence Hopf, and the degenerate Hopf. Moreover,evenin the generic
case, the subspace tangent to the divergence manifold is found to
be a locus of singular systems for which sensitivities are of lower
order.

3) A region existsin the parameter space in which the eigenvalues
are both real and positive. It is bounded by the divergence manifold
and a second manifold on which the eigenvalues are real, different
from zero, and still coalescent. Therefore, this manifoldis alocus of
defectivesystems, to which the critical system belongs.To detect the
double divergenceregion, perturbationsalong a parabolatangentto
the singular subspace must be performed.

4) Different asymptotic approaches were discussed. In particular,
a second-degreeequation for the critical eigenvalue was found that
is uniformly valid around the critical pointand also keeps its validity
in the nongeneric case. This equation is the characteristic equation
ofadamped single-DOFlinear system, whose damping and stiffness
coefficients are suitably defined in terms of the perturbation of the
defective matrix.

5) The equivalentdamped oscillator equation also made it possi-
ble toclarify the geometricalmeaning of the unfoldingparametersof
the Takens-Bogdanova bifurcation. The damping and stiffness pa-
rameters are found to representoblique coordinates exactly parallel
to the tangents to the critical curves at the bifurcation point, sim-
ilar to that happens for all codimension-2 bifurcations. This result

contrasts with some statements existing in the literature about this
question.!!+12

6) A mechanical two-DOF system was studied as an example. It
was found that the non-singular perturbation expansion furnishes
a good approximation almost everywhere in the parameter space,
except in the neighborhood of the subspace tangent to the diver-
gence manifold. In contrast, the uniformly valid solution accurately
describes this neighborhood; furthermore it gives a good result out-
side the singular region. The (slight) loss of precision is attributed
to inconsistentterms present in the solution.!

Appendix: Solution to Equation (12) in the Base
of the Right Eigenvectors of Matrix A,

The solution to Eq. (12) is expressed as

ﬁ’] =zn:aiui (Al)

i=1

where {u,, u, } are generalizedeigenvectorsassociated with the dou-
ble eigenvalue A =0; u, (k =3, ..., n) are proper eigenvectors as-
sociated with the passive eigenvalues A, (k =3, ..., n), assumedto
be distinct; and ¢; are unknown coefficients.

By substitutingEq. (A1) in Eq. (12a) and premultiplyingit by the
left eigenvectors vj.f, we have

n
v7(a1A0u1 + (ZzA()llz + g (ZkA()llk> =121 V;]llz - V;.]Allll
z

k=3

(J=12,....,n) (A2)

By accounting for Agu; =0, Agu, =u,, Agu; =Au; (k =3,
...,n), and for Eq. (11), we find that o =—v'Au;, o4 =
—V[Alull/lk, (k =3, ..., n), whereas a; remains undetermined.
By the enforcement of the orthogonality condition (12b), o =0
follows, so that

n_ o H
viAu
P T k 1]
Wi ——(VlAlul)uz - g T

k

k=3

uy (A3)

From Eg. (34) it follows that terms in Egs. (13) and (19b) involv-
ing W, can be written as

(A4a)

vaﬁ«'l = —V{Alul

n

1
V;Alwl = —(V{Alul)(V;Aluz) - Z A_(V{]Alul)(V;Aluk)

k=3 "%

(A4b)
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